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Abstract. Making use of the theory of noncommutative motives wc charac- 
terize the cyclotomic trace map as the unique multiplicative natural transfor- 
mation from algebraic X-theory to topological Hochschild homology. More- 
over, we prove that the space of all multiplicative structures on algebraic K- 
theory is contractible. We also show that the algebraic ii'-theory functor is 
lax symmetric monoidal (which implies that i?n-ring spectra give rise to E„-i 
ring algebraic Jf- theory spectra). Along the way, we develop a "multiplica- 
tive Morita theory" , which is of independent interest, establishing a symmetric 
monoidal equivalence between the co-category of small idempotent-complete 
stable co-categories and the Morita localization of the oo-catcgory of spectral 
categories. 



Contents 

1. Introduction 1 

2. Background on oo-catcgories and oo-opcrads 5 

3. Multiplicative Morita theory 7 

4. Symmetric monoidal structure on noncommutative motives 12 

5. THH as a multiplicative theory 18 

6. Uniqueness results 21 
References 22 



1. Introduction 

Algebraic _R'-theory provides rich invariants of rings, schemes, and manifolds, 
encoding information reflecting arithmetic, geometry, and topology. The algebraic 
iiT-theory of a ring or scheme captures information about classical arithmetic in- 
variants (e.g., the Picard and Brauer groups) [35]; for a manifold M, the algebraic 
iC-theory of 11°^VLM (Waldhausen's ^-theory) is closely related to stable pseudo- 
isotopy theory and B Diff (M), the classifying space of the space of diffeomorphisms 
of M [37]. These seemingly disparate examples are unified by the perspective that 
algebraic iiT-theory is a functor of stable categories; e.g., a suitable enhancement of 
the derived category of a scheme, or the category of modules over a ring spectrum. 
This viewpoint was initiated by Thomason-Trobaugh [35] ; see also [6] . 
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For a commutative ring (or more generally a scheme) R, the derived category of 
R possesses the additional structure of a symmetric monoidal tensor product. Sim- 
ilarly, the category of modules over an £'oo-i'ing spectrum is symmetric monoidal. 
In this situation, the algebraic X-thcory spectrum inherits the structure of a sym- 
metric ring spectrum [5, 15, 27, 36]. These results have been important both as a 
source of structured ring spectrum models for geometric spectra (e.g. topological 
.ftT-thcory) as well as a source of input to calculation of algebraic A'-groups. 

The main computational tool for understanding algebraic if-theory of rings is 
the cyclotomic trace map K — >■ TC — >■ THH from algebraic if-theory to topological 
cyclic and Hochschild homology [7]; this map can be regarded as a spectrum- level 
enhancement of the Dennis trace K HC^ HH, and the fiber of the map K — s- 
TC can often be understood [11, 28]. Multiplicative structures play an essential 
role in these calculations, as both THH and TC are commutative ring spectra 
when applied to commutative rings and the cyclotomic trace is compatible with 
this multiplicative structure (e.g., see [18, §6]). However, the existing constructions 
of the multiplicative cyclotomic trace in the literature are complicated, rather ad 
hoc, and apply only in the case of ordinary rings. Hence, it would be of major 
importance to have a general characterization of the multiplicative cyclotomic trace 
map in terms of a simple universal property. In this paper, making use of the 
theory of noncommutative motives, we resolve this problem: Roughly speaking, the 
multiplicative cyclotomic trace is the unique multiplicative natural transformation 
from algebraic A'-theory to THH; see Theorem 1.9. 

Statement of results. Let Cai^'^^ denote the cxo-category of small idempotent- 
complcte stable oo-categories and exact functors. Recall from [6, §5] that a functor 
E: Catl^'f ^ V with values in a stable presentable co-category V, is called an 
additive invariant if it preserves filtered colimits and sends split-exact sequences 
of oo-categories to cofiber sequences of spectra. When E moreover sends all exact 
sequences of oo-categories to cofiber sequences, we say it is a localizing invariant. 
In [6] we produced stable presentable oo-categories A^add and A^ioc of noncommu- 
tative motives and functors 

Wadd : Cat|^"f ^ Madd 

characterized by the following universal properties: given any stable presentable 
oo-category T>, there are induced equivalences 

(1.1) (Wadd)* : Fnn^iM^M, V) ^ Funadd(Cat^"f , V) 

(1.2) {UiocT : FunL(A^ioc, V) ^ Funioc(Cat|^"f , V) , 

where the left-hand sides denote the oo-categories of colimit-preserving functors 
and the right-hand sides the oo-categories of additive and localizing invariants. 

As stable oo-categories, A^add and A^ioc carry a natural enrichment in spectra; 
see [6, §3]. In [6] we showed that the connective algebraic iiT-theory spectrum 
functor K{—) and the non-connective algebraic i^-theory spectrum functor 1K{—) 
become co-representable in A^add and A^ioc respectively. More precisely, given any 
idempotent-complcte small stable oo-category A, there are equivalences of spectra 



(1.3) Map(Wadd(5"),iYadd(^)) ^ K{A) Map(Wioc(5"),iYioc(^)) ^ K{A), 
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where S denotes the stable oo-category of spectra and 5" the (essentially small) 
stable subcategory of compact objects in S (see Theorem 1.3 in [6]). Our first main 
result is the following: 

Theorem 1.4. (see Theorem 4-6) The oo-categories A^add o.i^d, A^ioc carry nat- 
ural symmetric monoidal structures making the functors Z^add CLnd hi\oc symmetric 
monoidal. The tensor units are lAg_(^d{S^) andU\oc{S'^) respectively. 

Here the symmetric monoidal structure is induced from the convolution structure 
on the category Pre((Cat{^'^^)") of simplicial presheaves which is induced by the 
symmetric monoidal structure on CaX'^^^ . Similar considerations in the "dual" 
setting of covariant functors from A^add and Ai\oc to spectra give rise to symmetric 
monoidal structures on the cxD-categories of additive and localizing invariants: 

Theorem 1.5. (see Theorem 4-11) The oo-categories of additive and localizing 
invariants, Funadd(Cat5^'^^, 5) anc? Funioc( Cat J^"^^, 5), are symmetric monoidal oo- 
categories. That is, they are the underlying oo-categories of symmetric monoidal 
presentable stable oo-categories Funadd(Cat^'^, 5)® and Ymi\ac{C&t^^^ , S)® . The 
tensor units are the connective and non- connective algebraic K -theory functors K 
and K . 

Theorem 1.5 allows us to study i^n-algebras and i^n-maps in Funadd(Cat^'^, 5) 
and Funioc(Cat|^'^^, iS). Since algebraic A'-theory is the tensor unit, a consequence 
of Theorem 1.5 is the following strong uniqueness: 

Corollary 1.6. (see Corollary 6.2) There exists a unique Eoo-algebra structure on 
K, viewed as an object of the symmetric monoidal cxD-cafe^ory Funadd(Cati^'^^,iS)'^. 
Furthermore, for any < n < oo and any En-algebra F, the space of En-algebra 
maps from K to F is contractible. Analogous statements hold for IK . 

More informally, this means that the space of multiplicative natural transforma- 
tions K ^ F is equivalent to the space of unital additive natural transformations 
K — > F; by the results of [6], the latter is calculated as the space of multiplicative 
maps S — > F{S), which is contractible. 

To relate Soo-algebras in Funadd(Cat[^''^ 5)® and Funadd(Cati^'^ 5)® with lax 
symmetric monoidal functors Cat^'^ — > S, we develop a "multiplicative Morita the- 
ory" . In [6, §4] we proved that the cx)-category Cat^''^ of small stable idempotent- 
complete cxD-categories admits a model given by the localization of the category 
Catsp of spectral categories (categories enriched in spectra) with respect to the 
class W of Morita equivalences. This rigidification result was an important techni- 
cal tool in loc. cit. For our applications herein, we generalize it to the multiplicative 
setting: 

Theorem 1.7. (see Theorem 3.8) There is an equivalence of symmetric monoidal 
oo-categories between (Cat^''^)® and (N(Catgp')[W-i])®, where N stands for the 
classical nerve construction and Catgp' for the category of flat spectral categories. 

Since the oo-category associated to Catgp* is a model for the oo-category of 
spectral categories, we may regard (N(Catgp')[yV~^])® as the symmetric monoidal 
oo-category of spectral categories. Hence, Theorem 1.7 allow us to model multiplica- 
tive objects in Funadd(Cat^'^^, 5) and Funioc(Cat^'^^, 5) as functors from spectral 
categories to spectra. Specifically, we prove in section 5 that suitable homotopical 
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point-set lax symmetric monoidal functors from spectral categories to spectra give 
rise to i?oo-algebras in Funadd(Cat^'^^ 5) and Funioc(Cat^''^, 5). 

Theorem 1.8. (see Theorem 5.6) Let E he a lax symmetric monoidal functor 
from spectral categories to spectra. Further assume that E preserves Morita equiva- 
lences between flat spectral categories and that the induced functor E : Cat^"^^ — S 
is an additive invariant. Then E naturally extends to an Eoo-algebra object of 
Fmiadd(CatJ^'^^, 5)*^. The analogous results for localizing invariants hold. 

Our main example of a functor E satisfying the hypotheses of Theorem 1.8 is 
topological Hochschild homology; see corollary 5.8. 

Applications. Recall that one of the most interesting applications of the theory 
developed in [6] was the proof that the set of homotopy classes of natural trans- 
formations from K to THH is isomorphic to Z, with the cyclotomic trace corre- 
sponding to 1 G Z. The following consequence of Corollary 1.6 and Theorem 1.8, 
which is our main application, is a significant sharpening of this result. 

Theorem 1.9. (see Theorem 6.3) The space of maps of E^o -algebras from K to 
THH in FunaddlCat^'^cS)® is contractible. Its unique element is the cyclotomic 
trace map. The analogous result holds for K . 

Our second application, which generalizes results of [5, 15], is the following: 

Theorem 1.10. (see Proposition ^.7 and Corollary 4-8) The algebraic K-theory 
functors are lax symmetric monoidal as functors from CatJ^"^^ to S. In particular, 
for every En-object A in Cat^^'^^, with < n < oo, K{A) and 1K{A) are En-ring 
spectra. 

Theorem 1.10, combined with Lurie's proof [24] of a conjecture of Mandell [25], 
which asserts that an i?„-|_i-algebra in spectra gives rise to an i^n-category of com- 
pact modules in CatJ^'^ , implies that the if-theory of an i?„-|_i-ring spectrum is 
an i?„-ring spectrum. This latter result has previously been announced by Bar- 
wick using different technology. Our third application, which is a consequence of 
theorem 1.4 and equivalences (1.3), is the following: 

Corollary 1.11. (see Corollary 4^.13) The symmetric monoidal homotopy cate- 
gories Ho(A^add) and Ho(A^ioc) are enriched over the symmetric monoidal homo- 
topy category Ho(Mod^(^-)) of A{*) -modules, where A(¥) = K{^) — IK{S). 

Our final application is a consistency result for multiplicative structures on alge- 
braic if-theory. Associated to a spectral category C is its pre-triangulated spectral 
category Perf(C) of (homotopically) compact C-modules, which has a Waldhausen 
structure inherited from the projective model structure on C-modules. There are 
now two possible constructions of algebraic if -theory landing in the cxj-category of 
spectra. This is depicted as follows: 

, Pcrf{-) , , K(-) 

N(Catsp) — ^■'N(Catsp) — > S 



CatP-f i A^add ) S 
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In [6, §6] it was proved that these two approaches (as well as a third cxD-categorical 
version of the Waldhausen construction) are canonically equivalent. The following 
corollary of Corollary 1.6 promotes this equivalence to the multiplicative setting. 

Corollary 1.12. (see Corollary 6.4) Let C be a symmetric monoidal spectral cate- 
gory, and Perf (C) be the resulting symmetric monoidal category of compact modules. 
The two algebraic K -theory spectra described above are naturally equivalent as E^o- 
algebras in the oo-category of spectra. If C is a monoidal spectral category, the 
resulting algebraic K -theory spectra are naturally equivalent as Aoo-algebras in the 
oo-category of spectra. Analogous results hold for K . 

1.1. Acknowledgments. The authors would like to thank Samuel Isaacson for 
sharing his insights and in particular for some extremely useful suggestions. They 
would also like to thank Vigleik Angeltveit for asking motivating questions, Clark 
Barwick, David Bcn-Zvi, and Michael Mandell, for many helpful discussions, and 
the Midwest Topology Network for funding various trips which facilitated this re- 
search. 

2. Background on oo-categories and oo-operads 

The basic setting for our work is the theory of cx)-categories (and particularly 
stable cx)-categories), which provide a tractable way to handle a homotopical "cat- 
egory of homotopical categories" as well as homotopically meaningful categories 
of homotopical functors. There are now many competing models of cxo-catcgories, 
including Rezk's Segal spaces [32], the Segal categories [20, 33] of Simpson and 
Tamsamani, the "quasicategories" (weak Kan complexes) introduced by Boardman 
and Vogt and studied by Joyal and Lurie [8, 22, 23], the homotopy theory of sim- 
plicial categories as studied by Dwycr-Kan and Bergncr [13, 2], and others, all of 
which are known to be equivalent (sec [3] for a nice discussion of the situation). 
Our results do not depend on the particular model of cx)-categories chosen; given 
certain basic structural properties, one could carry out our arguments in any of 
them. For convenience, we have chosen to work in this paper with the theory of 
quasicategories. Our basic references for this material are Lurie's books [23, 24]. 
We have chosen to review the aspects of this material that we need as we go along, 
with the exception of the theory of oo-opcrads. In this section we review the theory 
of oo-operads as we will apply it in the body of the paper, following [24, §2]. 

Let r denote the category with objects the pointed sets (n) — {*, 1, 2, . . . , n} 
and morphisms those functions which preserve the bascpoints An oo-opcrad is 
then an oo-category O® and a functor 

p: — ^N(r) 

satisfying the following conditions [24, 2.1.1.10]: 

(1) For every inert morphism / : (to) — > (n) in F and every object C of 

there exists a p-coCartesian morphism / : C — s- C" in lifting /. 

(2) Let C G Of^^^ and C" £ Of^^ be objects, let / : (to) ^ (n) be a mor- 
phism in F, and let map^^ (C,C") denote the union of the components of 
map(3» (C,C") which lie over / g homr((TO), (n)). Choose p-coCartesian 
morphisms C" C[ lying over the inert morphisms : (n) — > (1) for each 
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I < i < n. Then the induced map 

map^JCC')-^ n mapg°^(C,C:) 

l<i<Ti 

is a homotopy equivalence. 
(3) For every finite collection of objects Ci , . . . C„ of , there exists an object 
C of and p-coCartcsian morphisms C ^ Ci covering p\ 1 < z < n. 

Remark 2.1. This is the generalization of the notion of a multicategory (col- 
ored operad); to obtain the generalization of an operad we restrict to oo-operads 
equipped with an essentially surjectivc functor A'' — > 1}). To make sense 

of this, note that 1}) should be thought of as the "underlying" oo-category 

associated to O®, which should contain only a single (equivalence class of) object 
if we're interested studying the oo-vcrsion of an ordinary operad. 

The identity map N(r) — !• N(r) is an oo-operad; this is the analogue of the Eao 
operad. More generally, for each < n < oo, we can define a topological category 
E[n] [24, 5.1.0.2] such that there is a natural functor N(]E[7i]) N(r) which is an 
oo-operad. We refer to the resulting cx)-operad as the En operad. 

Remark 2.2. This uses a general correspondence result which associates to a 
simplicial multicategory an operadic nerve such that the operadic nerve is an oo- 
operad provided that each morphism simplicial set of the multicategory is a Kan 
complex [24, 2.1.1.27]. 

Given an oo-operad q : O® — s- N(r) and a coCartesian fibration p : C® — s- 
O® from an oo-category C®, we say that p : C® O® is an O-monoidal oo- 
category if the composite q o p : C® O® — > N(r) is an oo-operad. Such a 
map p is called a cocartesian fibration of oo-operads. In particular, a symmetric 
monoidal oo-category is an oo-category C® equipped with a coCartesian fibration 
of oo-opcrads [24, 2.1.2.18] 

p: C® -^N(r). 

The underlying oo-category is obtained as the fiber C = p^^({*, 1}). In abuse of 
terminology, we will say that an oo-category C is a symmetric monoidal oo-category 
if it is equivalent to p^^({*, 1}) for some symmetric monoidal oo-category C®. 
An oo-operad map 

is a map of simplicial sets / : O® — >■ O'® over N(r) such that / takes inert 
morphisms in O® to inert morphisms in O'® . The oo-category of oo-operad maps 
is written A\gQ{0') and is defined to be the full subcategory of Yni\^(^Y){0® ,0'®) 
spanned by the oo-operad maps. 

More generally, we can work over a fixed oo-operad O® . li p : C® O® is an 
oo-operad map such that p is also a categorical fibration (a fibration of oo-operads) 
and a : O'® O® is an arbitrary oo-operad map, then AlgQ,/Q(C) is the full 
subcategory of ¥\mo»{0'® ,C®) spanned by the oo-operad maps [24, 2.1.3.1]. An 
object of Alg^^z /q{C) is referred to as an C-algebra object of C over O. Note that 
the oo-category k\gQ, ^^[C) is the fiber of the projection AlgQ,(C) — > PAg(j,[0) 
over a. Also, when a : O'® — > O® is the identity, we write Alg/Q(C) in place of 
Algo7o(C). 
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Given an cxD-operad O® and O-monoidal oo-categories p : C® — >■ O® and q : 
V® 0®, we have two associated categories of functors between them: 

(1) The cx)-category of oo-operad maps KlgQ^QiV), which should be thought 
of as the analogue of lax O-monoidal functors [24, 2.1.2.7]. 

(2) The full subcategory Fun^(C,I?) of PAg^iV) consisting of the oo-opcrad 
maps over O® which carry p-coCartesian morphisms to g-coCartesian mor- 
phisms, which should be regarded as the analogue of symmetric monoidal 
functors [24, 2.1.3.7]. 

Definition 2.3. Let O® be an (X)-operad with a single object and let C be an 
O-monoidal cxD-category. There is a natural map from A\g iq{C) ~> C induced by 
the image of the object in O. Then the space of O-algebra structures on an object 
X, denoted A\g^Q{X), is the largest Kan complex contained in the full subcategory 
of AlgyQ(C) spanned by objects which project to X under this map. 

Lemma 2.4. Let C® be an E„ -monoidal oo-category, n> 0. Then the oo-category 
Algy^^^(C) has an initial object, and an object A o/ Algy^^^(C) is initial if and only 
if the unit map 1 A is an equivalence in C. 

Proof. This follows from the argument for [24, 3.2.1.9] with an En operad replacing 
the operad N(r). □ 

Corollary 2.5. Let C® be an En-monoidal oo-category, n > 0. Then, the oo- 
category Alg/^ (1) of En -algebra structures on the unit object 1 ofC is contractible 
and, for any other En-algebra A of C, the space of En-algebra maps from \ to A is 
contractible. 

Proof. Similarly, this follows from the fact that trivial algebras are initial ob- 
jects [24, 3.2.1.9]. □ 

3. Multiplicative Morita theory 

Recall that the oo-category Pr^j of presentable stable oo-categories admits a 
symmetric monoidal structure with unit the oo-category S of spectra, and the 
oo-category Cat^"^^ of idempotent-complete small stable oo-categories inherits a 
symmetric monoidal structure from this [24, §6.3.1]. We write the product on 
CafP^'f as The cate gory Catsp of spectral categories admits a model structure 
with weak equivalences the Morita equivalences [30] , and the oo-category Cat{^'^ is 
equivalent to the oo-category associated to this model category [6, 3.20, 3.21]. In 
this section we prove a multiplicative enhancement of this equivalence; see Theorem 
3.8. We begin by recalling the passage from categories with weak equivalences (e.g., 
model categories) to oo-categories in the setting of quasicategories. One way to 
produce an oo-category from a category C with weak equivalences wC is to take a 
fibrant replacement of the Dwyer-Kan simplicial localization of {C,wC) and apply 
the coherent nerve functor N. In general, for a category C with weak equivalences we 
will denote this process by N(L-^C). For the purposes of studying the multiplicative 
structure induced by a monoidal product, it is convenient to use a repackaging of 
this approach to passing from a model category to an oo-category. described in [24, 
§1.3.3, §4.1.3]. The construction of [24, 4.1.3.1] produces from an oo-category C and 
a suitable collection of weak equivalences W an oo-category C[yV~^]. In particular, 
given a model category T> which is not necessarily simplicial, the coherent nerve 
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of the subcategory of cofibrant objects is an oo-category and the oo-category 
N(2?'^)[W^^] is a version of the underlying oo-category of V. 

Proposition 3.1. Let C be a combinatorial model category with weak equivalences 
W. Then there is a categorical equivalence N(C'^)[yV^^] — > N(L^C) induced by the 
inclusion L^C^ . 

Proof. This follows from the fact that the map N(C) N(L^C) exhibits N(L^C) 
as the oo-category obtained from N(C) by inverting the morphisms of W, in the 
sense of [24, 1.3.3.1]. To sec this, recall that the combinatorial model category C 
is Quillen equivalent to a simplicial model category C [10]. By [24, 1.3.3.8], this 
induces an equivalence of oo-categories 

N(C'^)[W-i] -^N((C')')[W-i]. 

Next, [24, 1.3.3.7] implies that there is an equivalence of oo-catcgories 

N((C')")[W-i] ^N((C')°), 

where (C')° denotes the full simplicial subcategory consisting of the cofibrant-fibrant 
objects in C . Thus, it suffices to compare N(L-^D) and N(I?°) for a simplicial model 
category V. By [14, 4.8] there is a natural zig-zag of equivalences of simplicial 
categories connecting 2?° and L^T>, and so the result follows. □ 

When C is a symmetric monoidal model category such that the weak equivalences 
are preserved by the product, this construction produces a symmetric monoidal 
oo-category (N(C'=)[W-i])«' with underlying oo-category N(C'=)[>V-^] [24, 4.1.3.4, 
4.1.3.6] . For instance, when C is a symmetric monoidal model category, the cofibrant 
objects form a symmetric monoidal category with weak equivalences preserved 
by the product. Then there is an equivalence of symmetric monoidal oo-categories 
between (N(C'^)[W~^])'* and the opcradic coherent nerve of C°, the cofibrant-fibrant 
objects of C. 

The category Catgp has a closed symmetric monoidal product given by taking 
(C,X>) to the spectral category with objects obC x ohV and morphism spectra 
C(c, c') A V{d,d'). However, the smash product of cofibrant spectral categories is 
not necessarily cofibrant, and consequently the model structure is not monoidal [30] 
(and see [34] for a discussion of this in the setting of DG-catcgories). This issue is 
one of the persistent technical difficulties in working with these models of Cat^"^^. 

To resolve this problem, we employ the notion of flat objects and functors (e.g., 
see [19, B.4]). Recall that a functor between model categories is flat if it preserves 
weak equivalences and colimits. An object X of a model category (whose underlying 
category is monoidal with respect to a tensor product (g)) is then said to be flat if 
the functor X (g) (— ) is a flat functor. For instance, coflbrant spectra are flat. The 
utility of this deflnition comes from the fact that the smash product of flat spectra 
computes the derived smash product. 

We define a spectral category C to be pointwise-cofibrant if each morphism spec- 
trum C{x, y) is a cofibrant spectrum. The following proposition summarizes the 
facts about pointwise-cofibrant spectral categories that we will need. 

Proposition 3.2. 

(1) Every spectral category is functorially Morita equivalent to a pointwise- 
cofibrant spectral category with the same objects. 
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(2) The subcategory of pointwise-cofibrant spectral categories is closed under the 
smash product. 

(3) A pointwise-cofibrant spectral category is flat with respect to the smash prod- 
uct of spectral categories. 

(4) // C and V are pointwise-cofibrant spectral categories, the smash product 
Cap computes the derived smash product C T>. 

Proof. By construction of the generating cofibrations (see [30, Def. 4.4]). there exists 
a cofibrant resolution functor Q(— ) on Catgp such that for any spectral category C 
the spectral functor Q{C) — > C induces the identity map on the set of objects. Item 
(1) follows then from [30, Prop. 4.18], which shows that every cofibrant spectral 
category is pointwise-cofibrant. Item (2) follows from the fact that the smash 
product of cofibrant spectra remains cofibrant. Item (4) follows from item (3). 

Let C be a pointwise-cofibrant spectral category. The functor —AC: Catsp — >■ 
Catsp clearly preserves colimits as the symmetric monoidal structure is closed. 
Hence, in order to prove item (3), it remains to show that if / : ^ — B is a Morita 
equivalence (see [31, Def. 6.1]), then / A id : ^AC B A C is also a Morita 
equivalence. 

li f : A B is a Morita equivalence then the induced map f\ : Mod(^) — !> 
Mod(S) is a DK-equivalence of spectral categories. We must show that 

(/ A id)! : Mod(^ AC) — > Mod{B A C) 

is also a DK-equivalence, which is to say that it is homotopically fully faithful 
and essentially surjective. We begin with the former. Since any A A C-module is 
a retract of a cellular A A C-module and (/ A id): is a left Quillen functor which 
preserves representable modules, it suffices to check that / itself is homotopically 
fully faithful. But this follows because C is pointwise-cofibrant, so 

(/ A id)((a', c'), (a, c)) : {A A C)((a', c'), (a, c)) {B A C){{fa', c'), (/a, c)) 

is a weak equivalence of spectra for any pair of objects (a, c) and (a', c') of „4 A C. 

To verify essential surjectivity, it suffices to check that the B A C-module (5, c) 
represented by the object (6, c) G ;B A C is equivalent to the image of an ^ A C- 
module. Since / is a Morita equivalence, there exists a perfect ^-module M and a 
weak equivalence of S-modules f\M ~ b. Thus 

(/Aid),(MA?)(6',c') ^M(5')AC(c',c) ~6(&',6)AC(c',c) ~ (/ Aid),((V0)(6', c'), 
so that (/ A id): is also homotopically essentially surjective. □ 

Remark 3.3. The use of pointwise-cofibrant spectral categories is analogous to 
the use of homotopically flat DG-modules in the differential graded setting. See for 
instance [9] for a similar development to the work of this section in that context. 

Therefore, we use the subcategory Catgp' of pointwise-cofibrant spectral cat- 
egories to produce a suitable symmetric monoidal model of the oo-category of 
idempotent-complete small stable oo-categories. The following lemma is a first 
consistency check: 

Lemma 3.4. The functor induced by cofibrant replacement Catgp' — s- (Catsp)*^ 
induces a categorical equivalence 

N(Cat^^')[W-i] N((Catgp)^)[W-i]. 



10 



ANDREW J. BLUMBERG, DAVID GEPNER, AND GONQALO TABUADA 



Proof. The inclusion and the functorial cofibrant replacement induce inverse equiv- 
alences. □ 

By combining Proposition 3.1 with [6, 3.20, 3.21] wc obtain: 
Proposition 3.5. We have an equivalence of oo- categories Cat^"^^ ~ Catgp'[W^^]. 

Furthermore, Proposition 3.2 implies that Catgp' is a symmetric monoidal cat- 
egory such that the smash product preserves equivalences. Therefore, wc con- 
clude from [24, 4.1.3.4, 4.1.3.6] that wc obtain a symmetric monoidal oo-category 
(N(Cat^iJ*)[W-i])® with underlying oo-category N(Catg;^*)[>V-i]. We now im- 
prove the comparison of [6, 3.20, 3.21] to a comparison of symmetric monoidal 
oo-categorics. To do this, we need to develop some machinery for producing lax 
symmetric monoidal functors of oo-catcgories. We rely on the foundational work of 
[16] on the passage from pcrmutative categories to multicategorics. 

Recall that given a symmetric monoidal category C, there is an associated multi- 
category [24, 2.1.1.5]. Associated to any multicategory we can construct a category 
C® [24, 2.1.1.7] such that the coherent nerve N(C®) becomes a symmetric monoidal 
oo-category [24, 2.1.1.21, 2.1.2.21]. 

Lemma 3.6. Let C and V he symmetric monoidal categories and f : C ^ V a lax 
symmetric monoidal functor. Then there is an induced oo-operad map 

N(/): N(C®) — >N(P®) 

and more generally the construction N((— )®) is functorial. 

Proof. First, observe that without loss of generality we can regard the input data 
as corresponding to a lax permutative map between permutative categories. The 
work of [16, §3], particularly the proof of theorem 1.1, implies that a lax map 
/: C — > 2? induces a map of multicategorics. It is clear from the construction [24, 
2.1.1.7] that a map of multicategorics induces a functor /® : — >• over the 
natural projections to F. Since f® came from a map of multicategorics, on passage 
to the coherent nerve f® takes inert morphisms to inert morphisms and so induces 
a map of oo-operads. The behavior of composites follows immediately from the 
functoriality of the passage from lax maps to multicategory maps. □ 

Next, we integrate this with the localization N(C)[VF~^]. 

Corollary 3.7. Let C and V he symmetric monoidal categories equipped with sub- 
categories Wc C C and Wt> 'Z T) of weak equivalences such that hoth collections of 
weak equivalences are closed under tensor product. Let f : C T) he a lax symmetric 
monoidal functor such that f preserves weak equivalences. Then 

(1) There are symmetric monoidal oo-categoriesl>l{C)[W^^]^ andl>i{T>)[W^^]^ 
with underlying oo-categories N{C)[W^^] and N {'D)[W^^] respectively, and 

(2) There is a map of oo-operads 

f: N{C)[WcY ^ N(P)[W^-i]® 

such that on underlying oo- categories f restricts to the functor induced hy 
f via lemma 3.6. 
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Proof. The result follows from [24, 4.1.3.4], summarized in the following commuta- 
tive diagram: 

N(C«5) — > N(I?») 



N(C)[W^c"^]® ^ N(I?)[W^-i]®. 

The top horizontal map is provided by lemma 3.6, the vertical maps by [24, 4.1.3.4], 
and the bottom horizontal map by the universal property of the vertical maps. □ 

We finally have all the tools needed for the proof of the multiplicative Morita 
theory result: 

Theorem 3.8. (Multiplicative Morita theory) There is an equivalence of symmetric 
monoidal oo-categories 

(Cat^^^f)® ~ (N(Cat^;;')[>V-i])®. 

Proof. We begin with the category CatA of small simplicial categories. Since 
CatA has all homotopy limits, the associated cx)-category N(CatA)[W^~^] admits a 
Cartesian symmetric monoidal structure (necessarily unique) which we denote by 
N(CatA)[W~"^]'* [24, 2.4.1.9]. The uniqueness implies that there is an equivalence 
of symmetric monoidal oo-categories 

N(CatA)[M^"T - Cat® . 

Next, we observe that the symmetric monoidal structure on (Cat?^'^^)® is charac- 
terized by the requirement that the functor 

is symmetric monoidal. Specifically, the argument for [24, 6.3.2.15] and [24, 6.3.2.10] 
imply that the symmetric monoidal structure on Pr^^ is given by the symmetric 
monoidal localization of Pr^ at the functor — 05. Restricting to the full symmetric 
monoidal subcategory of compactly generated presentable oo-categories and using 
the symmetric monoidal equivalence between this oo-category and Cat^'^^ now 
imply the claim above. 

We now construct a point-set model of that functor. Consider the composite 

$ : Cat^^* > (CatA)^* Catg;^*, 

where here Cat^'^* denotes the full subcategory of CatA consisting of the small 
simplicial categories with mapping spaces of the homotopy type of cofibrant objects 
and (Cat^'^*)* the pointed objects therein. The functor $ satisfies the requirements 
of corollary 3.7, and so we have an induced map of oo-operads 

Cat® ~ N(Catl"*)[VF-i]® — > N(Cat^^*)[W^-i]®, 

where here W denotes the class of DK-equivalences of spectral categories (instead 
of the Morita equivalences). The comparison of [6, 3.20,3.21] identifies the functor 

* : Cat^;^* Cat^l' 

that takes a small pointwise-cofibrant spectral category C to the cofibrant-fibrant 
compact objects in the projective model structure on C-Mod as a localization at 
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the Morita equivalences. The functor 4' is strong symmetric monoidal: This holds 
by definition when we restrict to representables, and since the smash product of 
spectral categories preserves colimits, we can extend to Perf(C). Therefore we have 
an equivalence of symmetric monoidal oo-categories 

N(Catg;^')[W^-i]® ~ i*(N(Cat^;j*)[VF-i])®. 

Combined with the map induced by $ above, corollary 3.7 now implies that we 
have a map of oo-operads 

Cat® > ^iCa4f)[W-^] > L^(N{Ca4f)[W-^])^. 

Since this map coincides with — (8) S'^ and moreover the underlying oo-category of 
ivi,(N(Catg|^')[M^"i])^ is equivalent to Cat^'\ we deduce that there is an equiva- 
lence of symmetric monoidal cxD-categories 

L*(N(Cat«;^')[M^-i])® ~ (Cat|^"'-f)®. 

□ 

4. Symmetric monoidal structure on noncommutative motives 

If i? is a spectrum, then we may view the associated cohomology theory as a 
(prc)shcaf of spectra — !• 5 on the cxD-category of spaces. If, in addition, R has 
an Eao structure, then this functor is canonically lax symmetric monoidal via the 
external cup product pairing 

Map(S]^X, i?) A Map(S]^y, i?) — > Map(E^X xY,RAR) — > Map(S^,X x Y). 

In fact, the lax symmetric monoidal structure on Map(I];p(— ), i?) is equivalent to 
a symmetric monoidal structure on R itself, as the latter may be recovered by 
restricting to the point. In this section, we study the analogous picture in the 
setting of noncommutative motives. 

We begin by fixing some notation. We will refer to commutative algebra objects 
of Pr^j as stable presentable symmetric monoidal oo-categories. Note that this 
specifies a full subcategory of the more general class of (large) symmetric monoidal 
oo-categories: an object of the latter is an object of the former if and only if the 
category is stable, presentable, and the monoidal product commutes with colimits 
in each variable [24, §6.3.2]. 

We write CAlg(Pr^^) to denote the oo-category of stable presentable symmetric 
monoidal oo-categories; specifically, this is the oo-category of (large) symmetric 
monoidal oo-categories such that the underlying oo-category is stable and pre- 
sentable and the monoidal product preserves colimits in each variable, with mor- 
phisms the colimit-preserving symmetric monoidal functors. Note that Cat^"^^ is 
itself presentable and that the monoidal product commutes with colimits in each 
variable. Now, recall that Wadd is defined to be the composite of the Yoncda em- 
bedding 

0: Cat^-f ^Pre((CatJ^-f)") 

(where the presheaves are restricted to the full subcategory (Cat|^'^)" of Cat^"^^ 
consisting of the compact objects), followed by stabilization and then localization at 
a generating set £ of split-exact sequences. The functor Uioc is defined analogously, 
with localization occuring at a generating set of all exact sequences. As such, our 
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investigation of the symmetrie monoidal structure involves assembling the analysis 
of each piece of the composite. 

Yoneda embedding and stabilization. First, we observe that the symmetric 
monoidal structure on Catl^"^' descends to the subcategory of compact objects. For 
this, we need a technical proposition. 

Proposition 4.1. Let A be a compact object of CatJ^'^^ and {Bi}i^i a filtered 
diagram in Cat^'^. Then the map 

cohm^e/ Fun°''(yl, Bi) — > FurL''^{A, colimig/ Bi) 

is an equivalence of small stable idempotent- complete oo- categories. 

Proof The inclusion Fun'=''(.A, B) Fun°^(^ B°p, S) is the full subcategory on 
those / : A B°p — > S which restrict to representable functors for each a in A. 
This gives a commuting square 

colimFun'=''(^, B,) > colim Fun'=''(^ 0^ B°'^,S) , 

Fun'='^(^, coUm B,) > Fun"'^(^ 0^ coUm B°p,S) 

where we use the fact that (colim _Bi)°P ~ colim 5°^. The horizontal maps are 
fully faithful inclusions and the vertical map on the right is an equivalence since 
Fun'^'^(^ (g)^ (— )°P,5) preserves filtered colimits. It follows that the vertical map 
on the left is fully faithful. Restricting to maximal subgroupoids (i.e., the mapping 
spaces) , we see that for A compact the left-hand vertical map induces an equivalence 
(by definition), so it is also essentially surjective. □ 

With this in hand, we prove the following result. 

Proposition 4.2. The oo-category of compact objects (Cat^'^^)'^ in Cat^"^^ is a 
full symmetric monoidal subcategory. 

Proof. Let A and B be compact small stable idempotent-complete cx}-categories. 
We must show that A ®^ B is compact. To this end, let C,; be a filtered system of 
small stable idempotent-complete oo-categories. By proposition 4.1, we obtain the 
following sequence of equivalences 

map(^ ®^ B, colimig/ d) ~ map(.A, Fuif^{B, colimig/ dj) 

~ map(.A, colimig/ Fun°''(B, Ci)) 
~ colim,;g/map(^, Fun°''(;B,Ci)) ~ map(y^ 0^ B,Ci), 

which implies that map(.A®^ B, — ) commutes with filtered colimits. (Here we are 
denoting by map(— , — ) the derived simplicial mapping space.) □ 

Next, we use the fact that passage to presheaves and stabilization are both 
symmetric monoidal functors. 

Proposition 4.3. The stable presentable oo-category 

Stab(Prc(Cat^"f)-) ^ Fun(((CatL^■^f)")°^ 5) 
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has a canonical presentable symmetric monoidal structure. This structure is com- 
patible with the symmetric monoidal structure on Cat^"^^ in the sense that the 
functor 

Ca^f Stab(Pre(CaC'f)'") 

is symmetric monoidal. 

Proof. The oo-category Pre(C) admits a symmetric monoidal structure such that 
the Yoneda embedding C — > Prc(C) is a symmetric monoidal functor [24, 6.3.1.12]. 
Furthermore, the cx)-category Stab(C) admits a symmetric monoidal structure such 
that the stabilization functor C — !• Stab(C) is symmetric monoidal [24, 6.3.1.22]. It 
follows that Stab(Pre(Cat!^'^^)") is a commutative S algebra. Finally, the functor 

Cat^J^ — > Stab(Pre(CatJ^°'^f)") 

is symmetric monoidal since we know that Cat|^'^ is compactly generated; it is 
generated under filtered colimits by (Cat^'^)'^ [6, 3.22]. □ 

Localization at a generating set. Finally, in order to show that A^add and A^ioc 
are symmetric monoidal, it will suffice to show that the localization at £ inherits 
the structure of a symmetric monoidal oo-catcgory and the localization functor is 
symmetric monoidal. Recall that £ consists of the maps 

Cof (1 -^B)^C 

in Stab(Pre(CatJ^'^)") associated to a generating set of split-exact sequences A — > 
B^C in (Cat^''0", where here Cof(-) denotes the cofiber [6, §5]. 

Provided that we can show that the localization functor is compatible with the 
symmetric monoidal structure (in the sense of [24, 2.2.1.6]), then [24, 2.2.1.8] will 
establish that the localization is symmetric monoidal. Recall that to show compat- 
ibility, by [24, 2.2.1.7] it suffices to show that for every local equivalence X ^ Y 
and any object Z, the induced map X(E)Z^Y(E)Z is a local equivalence. 

Proposition 4.4. The localization o/ Stab(Pre(Cat5^'^)") at £ is compatible with 
the symmetric monoidal structure given above. 

Proof Since the cx)-category Stab(Pre(Cat^''^)") is generated under filtered colim- 
its by represent ables and these tensors commute with filtered colimits, it suffices to 
check that 

mapiV (g)iC/{B/ A)), F) ~ * 
for all T> and split-exact sequences A ^ B ^ C in £. This follows because 

V ® {C/{B/A)) - mx^/iV^B/V^A), 
and V^A-^V^B^V'SiCis split-exact when ^ S C is split-exact. □ 

Similarly, we have the following result for localizing invariants: 

Proposition 4.5. The localization o/ Stab(Pre(Cat[^'^^)") at the set generated by 
those objects of the form C/{B/A) for each (equivalence class of) exact sequence 
A ^ B ^ C with B K-compact is compatible with the symmetric monoidal structure 
given above. 
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Proof. We must show that any locaUzing functor /: ((Cat^'^)'^)°P ^ 5 is J-locaL 
As in the proof of 4.4, it is enough to check that map(X' (C / {B / A)) , f) ~ * for 
all 2? and exact sequences A ^ B ^ C in with B K-compact. The result follows 
because 

V(g,{C/iB/A)) :^ V^I{V®B/V®A), 
and T>®A^'D®B^'D®C\s exact since ^ — > S — C is exact. □ 

We conclude then that A^add and A^ioc are symmetric monoidal cxD-categories 
and that Wadd and U\oc are symmetric monoidal functors. 

Theorem 4.6. The oo-categories A^add 0,^(1 M\oc o,re endowed with natural sym- 
metric monoidal structures making the functors Wadd o,nd U\oc symmetric monoidal. 
The tensor units are UnddiS'^) andlA\oc{S^) respectively. 

In particular, this implies that algebraic ii'-theory is a lax symmetric monoidal 
functor. 

Proposition 4.7. The functors 

K{~) = Map(Wadd(5'"),Wadd(-))): Cat^"' ^ S 

and 

If(-) = Map(Wioc(5"),i^ioc(-))): Catg,"f ^ S 
are lax symmetric monoidal. 

Proof. We give the argument for ); the proof for 1K{—) is the same. Our work 
in [6, §3] gave a construction for any stable oo-category of the mapping spectrum 
functor Map|^(X, — ). Since Wadd is lax symmetric monoidal, it will suffice to show 
that Map(Z//add('5"), — ) is lax symmetric monoidal. First, observe that this functor 
preserves limits, and so by the adjoint functor theorem [23, 5.5.2.9] it has a left 
adjoint. The left adjoint can be described as follows. Since A4add is a stable oo- 
category, it is tensored over S [24, 6.3.2.17] in the sense of [24, 4.2.1.19]. Therefore, 
the left adjoint is given by Wadd('5") <E) (— ). By definition, this left adjoint is 
symmetric monoidal. Then [24, 7.3.2.7] implies (as in [24, 7.3.2.8]) that there exist 
a lax symmetric monoidal right adjoint extending Map(iYadd('5"), — ). □ 

This observation in turn has the following corollary; 

Corollary 4.8. Let A be an £"„ object in the symmetric monoidal oo-category 
Cat^"'', < 71 < cx). Then K{A) and K{A) are En-ring spectra. 

Since an i^n-ring spectrum has a category of compact modules which is an En-i 
object in Cat|^'^ [24, 5.1.4.2], we can specialize corollary 4.8 to conclude that alge- 
braic ii'-theory takes i^n-ring spectra to -Bn-i-ring spectra. 

Symmetric monoidal structure on additive/localizing invariants. We now 

obtain "dual" symmetric monoidal structures on the oo-categories of additive and 
localizing invariants. 

Proposition 4.9. Let C be a small symmetric monoidal oo-category. Then the dual 
Fun'"(Stab(Prc(C)), iS) of the free commutative S -algebra St&hiVrciC)) generated by 
C is naturally equivalent to the free commutative S-algebra Stab(Pre(C°P)) generated 
by the opposite symmetric monoidal oo-category. 
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Proof. The opposite of a presentable stable oo-category is not, in general, pre- 
sentable; however, the oo-category Pr^j of presentable stable oo-categories does 
admit a duality involution (via its closed symmetric monoidal structure) which is 
compatible with the opposite when restricted to certain generating subcategories, 
in the following sense: if Stab(Pre(C)) = Fun(C°P,iS) is the presentable stable oo- 
category freely generated by small oo-category C, then 

Fun^(Stab(Pre(C)),5) ~ Fun^(Pre(C), 5) ~ Fun(C,5) ~ Stab(Prc(C°P)) 

is a presentable stable oo-category which is dual to Stab(Pre(C)) under the sym- 
metric monoidal structure on Pr^^. □ 

In particular, we have the following: 

Corollary 4.10. Let C be a small symmetric monoidal oo-category. Then the 
oo-category Fun'^(Stab(Pre(C)), 5) is symmetric monoidal. 

Proof. If C is a small symmetric monoidal oo-category, then C°p is also a small 
symmetric monoidal oo-category. Therefore, [24, 6.3.1.12] shows that Pre(C°P) is 
a symmetric monoidal oo-category. Since stabilization is a symmetric monoidal 
functor, this implies that Stab(Pre(C°P)) is also symmetric monoidal. □ 

Proposition 4.4 and Corollary 4.10 now imply the oo-categorics Fun'^(A^add5 
and Fwol" {Adioc, S) are symmetric monoidal. Analogous results for the categories 
of additive and localizing invariants hold: 

Theorem 4.11. The oo-categories Funadd(Cat|^'^^, 5) and Funioc(Cat^'^^, 5) are 
symmetric monoidal oo-categories. The units are the connective and non-connective 
algebraic K -theory functors A'(— ) and K{—). 

Proof. The argument for Corollary 4.10 implies that the oo-category of functors 
Fun (Cat 5^"^^, iS) is a symmetric monoidal oo-category, and it is straightforward to 
check (using the criterion of [24, 2.2.1.1]) that this induces symmetric monoidal 
structures on the subcategories Funadd(Cat^' ,5) and Funioc(Cat5^' ,S). □ 

Moreover, we have the following comparison result: 

Theorem 4.12. The functor Ui^m induces a symmetric monoidal equivalence 

FunL(Xadd,5)«^ ^ Funadd(Cat^-f,5)® 

In particular, ^add induces an equivalence of E,^-algebras in the two symmet- 
ric monoidal oo-categories. Analogously, the functor U\oc induces a symmetric 
monoidal equivalence 

YuB^{M^oc.S)® Funioc(Cat^"f,5)® . 

Proof. Tracing through the constructions of the symmetric monoidal structures and 
using the fact that Wadd is symmetric monoidal, we see that it induces a symmetric 
monoidal functor 

FunL(Xadd,5)® Funadd(CatS3°'-f,5)«. 



Since we know it induces an equivalence on the underlying categories, this implies 
it induces an equivalence of symmetric monoidal oo-categories [24, 2.1.3.8]. The 
argument for the localizing case is analogous. □ 
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The localizing subcategory generated by the unit. The following result fol- 
lows from theorem 4.6, from the equivalences (1-3), and from the general theory of 
symmetric monoidal categories. 

Corollary 4.13. The symmetric monoidal homotopy categories Ho (A^ add) o-nd 
Ho(A^ioc) are enriched over the homotopy category }io{A{*)- Mod) of A{*) -modules. 

In particular, if A and B are small stable oo-categories, then the mapping spec- 
trum Map(Z//add('B), Z//add(-^)) IS a modulc over 

Map(Z^add(5'^),Z^add(5")) - A'(§) = A{*). 

Similarly, the mapping spectrum Map(Z-/ioc('B), Wioc(^)) is a module over 

Map(Wioc(5"),Ziioc(5'^)) ^ 1K{S) ~ A{*). 

Remark 4.14. In fact, it is possible to promote the enrichments of Ho(A^add) 
and Ho(A^ioc) over Ho(A(=i!)- Mod) to enrichments of A^add and A^ioc over the oo- 
catcgory A{*)- Mod of A(*)-modulcs. This can be done directly, using the formalism 
of cx)-operads as in [24, 4.2.1.28]. Briefly, the action of A(*) on the mapping spectra 
is given as follows. The endomorphism spectrum End(l) of the unit is an Aoo-ring 
spectrum (even Eoo)- For objects X and Y , the mapping spectrum F{X ® 1, Y) is 
equivalent to F{X,Y) and has an action of End(l) via the composite map 

End(l) — > End(X ®1) — > F{X ® 1, Y). 

In any symmetric monoidal stable oo-category C, we can consider the smallest 
stable subcategory Locc(l) generated by the unit object 1 which is closed under 
(not necessarily finite) direct sum; this is a lift of the localizing subcategory of the 
homotopy category generated by the image of the unit. If C is generated by the 
unit, then this subcategory is actually all of C; in general, it is smaller. 

Let Fc{—, — ) denote the mapping spectrum in C. The endomorphism spectrum 
Endc(l) = Fc{l, 1) is a commutative ring spectrum, and there is a functor 

Fc(l,-): C — ^ Endc(l)-Mod. 

When 1 is a compact object in C, this functor induces an equivalence between the 
category of modules over Endc(l) and Locc(l) (see [12] for a nice discussion of this 
kind of "generalized Morita theory"). Moreover, there is an induced equivalence 

Fc{X,Y) ^ FEndc(i){Fc{hX),Fc{l,Y)). 

for every X e Locc(l) and Y E C. Once consequence of this is the following Ext 
spectral sequence (e.g., sec [17, 4.1]): 

Corollary 4.15. Given objects Xi and X2 in Locc(l), we have a convergent spec- 
tral sequence 

= Ext^^'^E„dai)('^-*^c(l,^i),7r_.Fc(l,X2)) ^ 

^-p-,i^Endc(l)(^c(l,^l),^c(l,^2)) 

and we can interpret both the E2 term and the target in terms of maps in C. 

Since lK{§i) ~ /\ (S) = A{*), in our setting these localizing subcategories can be 
identified with the cx)-category of v4(*)-modules. 
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5. THH AS A MULTIPLICATIVE THEORY 

In this section, we discuss a model for THH which is a multiphcative locahzing 
invariant, i.e., an object of the oo-category Alg^^^ (Fun'"(A^ioc, 5)®) More gener- 
ally, we explain the passage from (point-set) lax symmetric monoidal functors from 
spectral categories to spectra to objects in Alg^£;^(Fun((Cat^''')", 5)®); see Theo- 
rem 5.6. As we shall discuss in detail in Section 6, the existence of such a model for 
THH will imply that there exists a unique multiplicative natural transformation 
of additive functors from K to THH and correspondingly a unique multiplicative 
natural transformation of localizing functors from K to THH . 

We begin by producing a particular model of the convolution product on the 
oo-category Fun((Cat^''^)", 5). Let Catgp* denote a full subcategory of Catsp 
which contains a representative of each weak equivalence class of compact objects, 
consists of pointwise-cofibrant objects, and is closed under smash product. Let 
Presp((Catgp*)°P) denote the category of spectral presheaves on (Catgp')°P. This 
has a symmetric monoidal product given by the Day convolution. 

Proposition 5.1. With the projective model structure, Prcsp((Catgp*)°P) is a sym- 
metric monoidal model category. The Bousfield localization of Prcsp((Catgp*)°P) 

at the Morita equivalences in (Catgp')°P, which we denote by Pre^™((Catgp*)°P), 
is a symmetric monoidal model category. There is an equivalence of symmetric 
monoidal oo-categories 

(N(Pre^p°'X(CatgP*)°P))[W-i])® ^ Fun((Cat|^°''f)", 5)®. 

Proof. The existence of the symmetric monoidal projective model structure is stan- 
dard. The criterion of [9, 5.8] and the fact that the (opposite of the) Morita equiva- 
lences on Catgp' are closed under the smash product implies that Pregp°'^((Catgp')°P) 
is a symmetric monoidal model category. The fact that the oo-categorical Yoneda 
is fully-faithful [23, 5.1.3.1] implies that there is an equivalence 

N(Prerp°'-((Cat^P;)°P))[W-^] ^ Fun((Cat^-f)", 5), 

and the universal property of the oo-categorical Day convolution [24, 6.3.1.12] pro- 
motes the equivalence of theorem 3.8 to an equivalence of symmetric monoidal 
oo-categories 

(N(Pre^p-((Cat^P;)°P))[W-i])® c Fun((Cat^"f)", 5)®. 

□ 

Next, recall the following comparison [26, 22.1]: 

Proposition 5.2. The category of commutative algebras in the presheaf category 
Pi'esp((Catgp')°P) equipped with the (symmetric monoidal) convolution product is 
equivalent to the category of lax symmetric monoidal functors Catgp* — > S. 

To understand the homotopical properties of the category of commutative alge- 
bras in Presp((Catgp*)°P), we use Lurie's theory of freely powered model categories 
[24, §4.4.4]. This theory gives conditions for lifting model structures to categories 
of commutative algebras; we briefly review the details to make the arguments below 
more self-contained. 
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Recall that given a symmetric monoidal category C with finite colimits, the 
pushout-product induces a symmetric monoidal structure on the category of mor- 
phisms. Here the pushout-product of / : Xi — > X2 and g: Yi ^ Y2 is defined to be 
the map 

{Xi(S,Y2) Y[ {X2®Yi) ^ X2(E)Y2. 

Xi(x)Yi 

For a given map /: X -^Y, we can iterate this to product a map we'll denote by 
A"(/) (which takes values in y®"). Notice that there are S]„ actions on both the 
soure and target of A"(/), and the map is S" equivariant. 

Now let C be a combinatorial symmetric monoidal model category, and define a 
map / to be a power cofibration if for every n > 0, the map A"(/) is a cofibration in 
the category of E„ objects in C (equipped with the projective model structure) 
[24, 4.4.4.2]. Given a collection of morphisms V in C, C is freely powered by V if 

(1) There exists another model structure on C with the same weak equivalences 
and cofibrations the maps in V; denote C with this model structure by Cy. 

(2) The model category C satisfies the monoid axiom. 

(3) The model category C is left proper, and the cofibrations in Cy are generated 
(as a weakly saturated class) by cofibrations between cofibrant objects. 

(4) Every map in y is a power cofibration in C. 

(If V is the collection of all cofibrations, we just write that C is freely powered.) 

The point of this condition is that if C is freely powered by morphisms V , then the 
category of commutative algebras CAlg(C) admits a combinatorial model structure 
[24, 4.4.4.6] in which the weak equivalences and fibrations are detected by the 
forgetful functor to Cy. Furthermore, if the forgetful functor CAlg(C) —5- C preserves 
fibrant-cofibrant objects, then there is an equivalence of (X)-categories 

induced by the natural map [24, 4.4.4.7]. 

We begin by observing that the Bousficld localization of a freely powered com- 
binatorial model category C is itself freely powered. 

Lemma 5.3. Let C be a freely powered combinatorial symmetric monoidal model 
category, and let S be a set of morphisms in C such that the left Bousficld localization 
C[S~^] of C at S is a symmetric monoidal combinatorial model category (e.g., the 
conditions of [9, 5.8] are satisfied). Then C[S~^] is freely powered. 

Proof. Since the left Bousficld localization of a left proper combinatorial model 
category is left proper, we conclude that all but the last condition for C[S'~^] to be 
freely powered hold. Thus, we must show that the cofibrations in C[S'~^] arc power 
cofibrations. 

The class of acyclic fibrations are unchanged by left Bousficld localization. Fur- 
thermore, since the fibrations and weak equivalences in the projective model struc- 
ture on C[5'~"'^]^ are determined pointwise, the acyclic fibrations in C[5'~"'^]^ are the 
same as the acyclic fibrations in C^. Therefore the cofibrations in C[iS'~^]^ are the 
same as the cofibrations in C^. In particular, this implies that a map in C[S'~^] is 
a power cofibration if and only if it was a power cofibration in C. □ 

Next, recall that the category of symmetric spectra equipped with the S'-modcl 
structure [29] is freely powered by the collection of positive cofibrations in C [24, 
4.4.4.9]. 
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Corollary 5.4. For the positive S-model structure on symmetric spectra, the Bous- 
field localization Pre^°'^((Catgp')°P) is freely powered. 

Proof. First, we know that Presp((Catgp*)°P) is freely powered [21]. Since the ar- 
gument for proposition 5.1 shows that Pre^°'^((Catgp')°P) is a combinatorial sym- 
metric monoidal model category, the result follows from lemma 5.3. □ 

Therefore, we can conclude the following corollary from [24, 4.4.4.6, 4.4.4.7]: 

Corollary 5.5. The category CAlg(Pre^°' ((Catgp*))°P) admits a combinatorial 
model structure in which the weak equivalences and fibrations are determined by the 
forgetful functor to the model structure on Prc^™((Catgp*)°P). Moreover, there is 
an equivalence of oo-categories 

N(CAlg(Prerp°^((Cat^gP;)°P))^)[W-i] ^ Alg/^^(N((Prerp°'X(Cat=Sp ^ 
Corollary 5.5 allows us to deduce the following theorem. 

Theorem 5.6. Let E be a lax symmetric monoidal functor from spectral categories 
to spectra. Assume that E preserves Morita equivalences of flat spectral categories 
and that the induced functor E : CatJ^"^^ S is an additive invariant. Then E 
naturally extends to an E^o-algebra object o/ Funadd(Cat|^'^ ,5)^. The analogous 
results for localizing invariants hold. 

Proof. By proposition 5.2, E, when restricted to Catgp', yields a commutative 
algebra in Presp ((CatgP*)°P). Proposition 5.1 now implies that E descends to an 

i?txD-algebra in the symmetric monoidal oo-category Fun((CatP^'^^)'^, 5). According 
to the results of Section 4, the additive localization is symmetric monoidal, so we 
obtain a symmetric monoidal functor 

Fun((Cat^^'-fr,5)® Ynn^^^{{Q^t^^''r - FunL(X,dd, 

Since E is already an additive invariant, it comes from an i?oo-algebra in the sym- 
metric monoidal cx)-category Fimadd((Cat^'^^)'^,iS)® of additive functors from com- 
pact idcmpotcnt-complcte small stable c»-categories to spectra. But this latter 
symmetric monoidal oo-category is (symmetric monoidal) equivalent to the sym- 
metric monoidal c>o-category Fun'" (A^ add, 5)** by proposition 4.12, so we may also 
regard E as an i?oo-algebra here. □ 

We now apply this work in the context of the topological Hochschild homology 
of spectral categories, which can be constructed using a version of the Hochschild- 
Mitchell cyclic nerve [4, 3.1]. 

Definition 5.7. For a small spectral category C let 

THHgiC) = V C{cq-i,Cq) A • • • A C(co, ci) A C(c„ cq), 

where the sum is over the {q + l)-tuples (cq, . . . , Cq) of objects of C. This becomes a 
simplicial object using the usual cyclic bar construction face and degeneracy maps. 
We will write THH{C) for the geometric realization. 

We do not expect this construction to have the correct homotopy type unless the 
spectral category C is pointwise-cofibrant. Since we know that THHiC) is Morita 
invariant [4], it descends to a functor 

THH: CatP?'^f — ^5. 
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Furthermore, the standard shuf&e product maps induces equivariant equivalences 

THH{Ci) A THH{C2) A • • • A THH{Cn) — > THH{Ci A C2 A • • • A C„) 

which make THH a lax symmetric monoidal functor from spectral categories to 
spectra. 

Applying theorem 5.6 we obtain the following corollary: 

Corollary 5.8. The functor T H H yields an object 0/ Alg/^,^ (Fun^(7Wioc, 

Proof. This follows from the discussion above and the fact that THH descends to 
a localizing invariant (it is Morita invariant, preserves filtered colimits, and sends 
exact sequences of small stable 00-categories to cofiber sequences of spectra). □ 

Extending this to TC is somewhat more complicated. The issue is that TC 
cannot be a localizing invariant because it does not preserve filtered colimits (due 
to the homotopy limit in its definition). However, as discussed in [6, §10] we can 
describe TC as holim„ rC„(— ), where the TC„ are themselves localizing invariants. 
Then the work of [18, §6] coupled with the techniques of this section imply the 
following corollary: 

Corollary 5.9. For each n, the functor TCn from spectral categories to spectra 
yields an object 0/ Alg/g^(Fun^(A^ioc,5)'*). 

Remark 5.10. We can construct THH directly on the level of oo-categories as 
follows. (This perspective is closely related to the view taken in [1], for instance). 
A small stable cx)-category C determines an exact functor 

Mapc : C°P ® C — yS 

given by the morphism spectra in C (cf. [6, §3]). Extending by (filtered) colimits 
results in a colimit preserving functor 

Oc ■■ Fun'='^(C°P ® C, 5) ~ Fun'=''(C ® C°p, S) ~ Ind(C°P ® C) — ^ 5 

(note that we must use the canonical equivalence C°P(g)C ~ C(8)C°p in order to obtain 
the first map in the above composite). The value of &c on Map^ G Fun'^'^(C°P(8)C, S) 
is the spectrum THH{C). 

6. Uniqueness results 

Using equivalences (1.1) and (1.2), Theorem 1.5 implies that Fun'" (A^ add, 5) 
and Fun'"(A^ioc, 5) are symmetric monoidal oo-categories with tensor units the 
respective algebraic /v-theory functors. Hence, Corollary 2.5 immediately implies 
the following result: 

Proposition 6.1. 

(1) For any n > 1, the spaces Algy^^(Map(Z^add('5"), ~)) of En -monoidal 
structures on the algebraic K -theory functor is contractible. 

(2) For any n > I, the space of maps in Alg^^ (Fun'"(A^add, 5)) with source 
Map(Z-/add('5"), — ) is contractible. 

Analogous results hold in the localizing case. 

In particular, we obtain the following corollary: 
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Corollary 6.2. There exists a unique Eoo-algebra structure on the K -theory func- 
tor, viewed as an object of the symmetric monoidal oo- category Fmii^ddiCat^'^^S)^ . 
Furthermore, for any < 7i < oo and any En-algebra F, the space of E^- algebra 
maps from K to F is contractible. Analogous statements hold for IK . 

Coupled with Theorem 1.8, this speciahzes into our main apphcation: 

Theorem 6.3. The space of maps of Eoo -algebras in Funadd(Cat{^'^, 5)® from 
K-theory to THH is contractible. Its unique element is the cyclotomic trace map. 

We identify the unique element as the cyclotomic trace map using the main 
classification result of [6] . Specifically, the image of this element under the forgetful 
functor to natural transformations of additive functors is the unit in the set Z of 
homotopy classes of natural transformations of additive functors K THH. Note 
that our results in fact give a construction of the multiplicative cyclotomic trace in 
the generality of stable oo-catcgorics. 

Another application of Corollary 6.2 is the following uniqueness result: 

Corollary 6.4. Let C be a symmetric monoidal spectral category, and Perf(C) be 
the resulting symmetric monoidal category of compact modules. There is a unique 
Eoo-algebra structure on K(C) in the oo-category of spectra. Similarly, if C is a 
monoidal spectral category, there is a unique A^o structure on K{C) in the oo- 
category of spectra. Analogous results hold for IK . 

Proof. Since iiT-theory has a unique structure as a lax symmetric monoidal functor 
from Cat^J^ to S, in particular when evaluated at any point there is a unique E'oo 
or Aoo structure on the resulting spectrum. □ 

Remark 6.5. We can extend our results to TC even though TC is not itself 
a localizing invariant. As in [6] wc use the fact that TC can be described as 
holim„rC„(— ) for certain localizing invariants TC„ — then Corollary 5.9 implies 
that our uniqueness results extend to natural transformations which arise from 
transformations K — >■ TC„. Since the cyclotomic trace is of this form, we deduce 
the desired uniqueness result. 
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